Let 1 K a denote the graph on a vertices with 1 edges between every pair of vertices. Take p copies of this graph 1 K a , and join each pair of vertices in different copies with 2 edges. The resulting graph is denoted by K(a, p; 1 , 2 ), a graph that was of particular interest to Bose and Shimamoto in their study of group divisible designs with two associate classes. The existence of z-cycle decompositions of this graph have been found when z ∈ {3, 4}. In this paper we consider resolvable decompositions, finding necessary and sufficient conditions for a 4-cycle factorization of K(a, p; 1 , 2 ) (when 1 is even) or of K(a, p; 1 , 2 ) minus a 1-factor (when 1 is odd) whenever a is even.
Introduction
In this paper, graphs usually contain multiple edges. In particular, if G is a simple graph, then let G denote the multigraph formed by replacing each edge in G with edges. Let C z denote a cycle of length z.
For any two vertex-disjoint graphs G and H, define G∨ H to be the graph formed from the union of G and H by joining each vertex in G to each vertex in H with exactly edges; if = 1 then this may be represented by simply G ∨ H . Let K(a, p; 1 , 2 ) denote the graph formed from p vertex-disjoint copies of the multigraph 1 K a by joining each pair of vertices in different copies of K a with 2 edges. It will be useful to refer to edges in K(a, p; 1 , 2 ) that join vertices in different copies of 1 K a as being mixed edges, and edges joining vertices in the same copy of 1 K a as being pure edges. The vertex sets of the p copies of 1 K a will usually be V × {i} with 0 i < p for some set V, where |V | = a. Then for each pair {u, v} ⊆ V , with 0 i < j < p, it will be useful to refer to the edges {(u, i), (v, j )} and {(u, j ), (v, i)} as being the corresponding mixed edges to the edge {u, v} in K a . Also, for each u ∈ V we will refer to the edges {(u, i), (u, j )} as being the horizontal mixed edges.
An H-decomposition of a graph G is an ordered pair (V , C), where V is the vertex set of G and C is a set of copies of H such that each edge in G occurs in exactly one graph in C. When the actual vertex set V is of no interest, it will cause no confusion to refer to the decomposition by simply C. There has been considerable interest over the past 20 years in H-decompositions of various graphs, such as complete graphs and complete multipartite graphs, especially when H is a cycle (see [1, 3, 8, 10, 11] , for example). More recently, the existence problem for C z -decompositions of K(a, p; 1 , 2 ) for z = 3 [4, 6] and for z = 4 [5] has been solved. Such decompositions are known as C z group divisible designs with two associate classes, following the notation of Bose and Shimamoto who considered the existence problem for K z group divisible designs [2] . (The reason for this name is that the structure can be thought of as partitioning ap symbols (i.e. vertices) into p sets of size a in such a way that symbols that are in the same set in the partition occur together in 1 blocks, and are known as first associates, whereas symbols that are in different sets in the partition occur together in 2 blocks, and are known as second associates.)
In an H-decomposition (V , C) of a graph G, a parallel class is a subset S of C such that each vertex in V occurs in exactly one copy of H in S. The decomposition (V , C) is said to be resolvable if C can be partitioned into parallel classes. In this paper we completely settle the existence problem for resolvable C 4 -decompositions of K(a, p; 1 , 2 ), or of K(a, p; 1 , 2 ) minus a 1-factor, when a is even. A resolvable C 4 -decomposition is also known as a C 4 -factorization, and a parallel class in a resolvable C 4 -decomposition is also known as a C 4 -factor.
Let G[V ] denote the subgraph of G induced by the vertex set V.
Some preliminary results
A near C 4 -factor of G is a spanning subgraph of G in which one component is K 2 and all others are C 4 . A partition of E(G) in which each element induces a near C 4 -factor is called a near C 4 -factorization of G. We can easily obtain the following result, which is of some interest in its own right.
Theorem 1. For all n 1 there exists a near C 4 -factorization of K 4n+2 .
provides the required resolvable decomposition.
In any near C 4 -factorization S of K 4n+2 , it is clear that the set F (S) of copies of K 2 forms a 1-factor of K 4n+2 . Let {F 0 , F 1 , . . . , F 4n } be a 1-factorization of K 4n+2 . By simply renaming vertices in S, it is clear that for 0 i 4n we can form a near C 4 -factorization
This observation is especially useful here for the following reason. Let a = 4n + 2. For 0 i 4n and for j = 0, 1, let F j (S i ) be the set of 4-cycles formed by deleting F i from S i and renaming each vertex u in each 4-cycle with the vertex (u, j ). Then
is a C 4 -factorization of the graph formed by joining two copies of K a with the 1-factor formed by the mixed edges corresponding to the edges in F i . Also note then that 4n
. So we can easily get the following result.
There exists a C 4 -factorization of aK a ∨ aK a . Proof. Extending the notation developed in the previous paragraph, define
We can also obtain Lemma 3 below with a much more sophisticated use of this observation together with the following extremely useful result, essentially proved by Stern and Lenz (see [12] and [9] p.158]).
Lemma 2. Let G be a regular graph. Suppose there exists a partition of the vertex set of G into two sets of equal size,
Then there exists a 1-factorization of G.
where F is a 1-factor of G when r is odd and F has no edges when r is even.
Let the edges joining vertices with different third coordinates be known as mixed edges, and all other edges be known as pure edges. Let r = 4s + where ∈ {0, 1, 2, 3}.
Let
Then each of C 1 , C 2 , . . . , C 2 is a C 4 -factor of K a ∨ K a which contains only mixed edges; in fact, the mixed edges in C 2j −1 ∪C 2j are precisely the mixed edges corresponding to the edges in
Then, by the definition of , G is a -regular graph, where = 4s + 1 if 2 and 4s + 5 if = 3.
Furthermore, the function f ((u, 0)) = (u, 1) is clearly an isomorphism from
Therefore, by Lemma 2, there exists a 1-factorization {F 1 , . . . , F } of G. For 1 i min{r, } let S i be a new C 4factorization of K 4n+2 on the vertex set Z 2n+1 ×Z 2 in which F (S i )=F i . Now use this to form F(S i ), a C 4 -factorization of the graph formed by joining two copies of K 4n+2 (on the vertex set Z 2n+1 × Z 2 × Z 2 ) by the 1-factor consisting of the mixed edges corresponding to
The only case where < r is when r = 4s + 2, so = 2 and so = 4s + 1. So cycles in B cover each pure edge exactly r times except when = 2; in this exceptional case each pure edge is covered exactly r − 1 times. All mixed edges are covered by cycles in B exactly once except for the mixed edges corresponding to edges in {F min{f, }+1 , . . . , F } and except for the horizontal mixed edges. If = 2, now consider the use of the mixed edges corresponding to the edges in F r+1 , . . . , F . If = 0 then let D be the C 4 -factor formed by the corresponding mixed edges to those in F = F r+1 together with the horizontal mixed edges. Then B ∪ D is a C 4 -factorization of rK a ∨ rK a . If = 1 then B is a C 4 -factorization of the graph formed from rK a ∨ rK a by removing the edges in the 1-factor consisting of the horizontal edges. If = 3 then let D be the C 4 -factor formed by the corresponding mixed edges to those in F together with the horizontal mixed edges. Then B ∪ D is a C 4 -factorization of the graph formed from rK a ∨ rK a by removing edges in the 1-factor consisting of the corresponding mixed edges to those in F −1 .
Finally, consider the case where = 2. As stated above, all pure edges still need to be used once, as do the horizontal mixed edges. But, as in the proof of Lemma 1, F (S ) covers precisely these edges. So B ∪F (S ) is a C 4 -factorization of rK a ∨ rK a There is one glaring omission in what we have proved so far, namely the case in Lemma 3 where r = 0, so there are no pure edges; but that is easily handled by the following lemma.
Lemma 4. Let a be even. There exists a C 4 -factorization of the complete bipartite graph K a,a .
Proof. Let V be partitioned into parts in Z a × Z 2 . Define the parallel class C i = {((2j, 0), (2j + 2i, 1), (2j + 1, 0) , (2j + 2i + 1, 1) )|j ∈ Z a/2 } for each i ∈ Z a/2 . Then {C 1 , . . . , C a/2 } is the required decomposition.
Finally, we easily handle the case where there are no mixed edges.
Lemma 5. Let a = 4n. There exists a C 4 -factorization of 1 K a − E(F ), where F is a 1-factor when 1 is odd and F has no edges when 1 is even.
The main result
Theorem 2. Let 1 , 2 1, a be even and p 2. Let G = K(a, p; 1 , 2 ).
There exists a C 4 -factorization of G (of G − F , where F is a 1-factor of G) if and only if (1) 4 divides ap;
(2) 1 is even (for G); 1 is odd (for G − F );
(3) if a ≡ 2 (mod 4) then 2 a(p − 1) 1 , unless a = 2 and 1 is odd, in which case 2 a(p − 1) 1 − 1.
Proof. Let the vertex set V of G be partitioned into parts V 1 , . . . , V p , each of size a. We begin by proving the necessity of conditions (1)-(3). Condition (1) follows because each parallel class naturally induces a partition of V into sets of size 4. Condition (2) holds because each vertex has degree 1 (a − 1) + 2 a(p − 1) in G, which must clearly be even for a C 4 -factorization of G, and odd for a C 4 -factorization of G − F . Notice that conditions (1)-(2) imply that 1 pa(a − 1)/2 + 2 a 2 p(p − 1)/2, the number of edges in G, is divisible by 4. Similarly, conditions (1)- (2) imply that the number of edges in G − F , namely, ( 1 (a − 1) − 1)/(ap/2) + 2 a 2 p(p − 1)/2, is also divisible by 4.
To see that condition (3) is necessary, note that when a ≡ 2 (mod 4), p must be even so that the number of vertices in each parallel class is divisible by 4. Also, each parallel class P must contain at least two vertices in each part that are incident with a mixed edge in P, so P must contain at least p mixed edges. Since each parallel class contains ap edges altogether, the number of parallel classes in G is 1 (a − 1)/2 + 2 a(p − 1)/2, the total number of edges divided by ap. Similarly, the number of parallel classes in G − F is ( 1 (a − 1) − 1)/2 + 2 a(p − 1)/2. So the number of mixed edges in G satisfies Similarly, the number of mixed edges in G − F satisfies 2 a(p − 1) 1 − 1/(a − 1). Since the left-hand side of this inequality is an integer, this inequality is the same as the one for G unless a = 2, so condition (3) is necessary.
To prove the sufficiency of conditions (1)-(3), we begin by assuming that a ≡ 0 (mod 4). Let a =4n. Then by Lemma 5 there exists a C 4 -factorization C(i) of 1 K a (if 1 is even) or of 1 K a − E(F ) where F is a 1-factor of K a (if 1 is odd) on the vertex set V i for a i p. So clearly 1 i a C i can be used to form a set C of parallel classes of G (or G − F ) which uses each pure edge 1 times. By [7] there exists a 1-factorization {F 1 , . . . , F z } of the complete multipartite graph with p parts, each of size 2n (so z = 2n(p − 1)). Then C(F k ) = {(u, v, u + 2n, v + 2n)|{u, v} ∈ F k } is a C 4 -factor of G that contains only mixed edges. Furthermore, the multiset C consisting of 2 copies of 1 k z C(F k ) is a C 4 -factorization of the complete multipartite graph with p parts and 4n vertices in each part. Then C ∪ C is a C 4 -factorization of G (or of G − F ).
Next suppose that a ≡ 2 (mod 4). Let a = 4n + 2. Then by (1), p is even, so let {F 1 , . . . , F p−1 } be a 1-factorization of K p on the vertex set {1, . . . , p}. If 1 is even, by (3), there exist even integers l i,j for 1 i 2 and 1 j p − 1 such that:
(a) 0 l i,j a for all i, j , and
And if 1 is odd, other than in the special case where a = 2 and 2 a(p − 1) = 1 − 1, then by (3) there exist integers l i,j for 1 i 2 and 1 j p − 1 with all but one of the integers l i,j even, and one odd, so that (a) and (b) above also hold. (Of course in this case, at least one integer l i,j is strictly less than a, since 1 is odd and (3) holds.) If we are in the special case where a =2 and 2 a(p −1)= 1 −1, then we can instead find a C 4 -factorization of G =K(a, p; 1 −1, 2 ) (for which (3) is clearly satisfied) as described next, then set F to be the pure edges in G that are not in G .
For 1 i 2 and 1 j p − 1, and for each e = {u, v} ∈ F j , define a set C i,j (e) of partial parallel classes of G formed by applying Lemma 1 if l i,j = a, Lemma 3 if 1 l i,j < a, and Lemma 4 if l i,j = 0, where the vertex sets in the two copies of K a are V u and V v . Then e∈F j C i,j (e) is a C 4 -factorization of the subgraph of G formed by joining each pair of vertices in the same part of G with l i,j edges, and joining each pair of vertices in parts V u and V v with one edge, for each e = {u, v} ∈ F j . Therefore 
